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Abstract

In this paper we study the stability of systems of the form

xt= Flt.x) (1.1}
Where F: R, xR* — R™izcontinous.
A solution x(t), teR, of the system (1.1) is stableif the solutions of(1.1)
which start close to x (£} at the origin, remain close to x (£}, for all teR. in a
certain sense. This actually means that small disturbances in the system that
effect small perturbations to the initial conditions of solutions close %y (@) do
not really cause a considerable change to these solutions over the intervalR,.
The various concepts of stability that we study in this paper are actually dealing
with the fashion in which the solutions close to x,{#}initially behave on infinite
subintervals of R.

Although there are numerous types of stability, we present here only
five types that are most important in the applications of linear and perturbed
linear systems.

Keywords: Differential system, solutions of systems of differential equations,
stability of solutions, Eigen values of a system, Perturbed differential equation

1. DEFINITIONS OF STABILITY[1]:In the following definitions
x4t} will denote a fixed solution of (1.1) defined on [0, &=.

Definition 1.1  The solution x(t} is called “stable”for everys = Othere
exits& () = 0 such that every solution,x{t} of (1.1) with
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Ix(0) — =, (0)ll = &(=) exists and satisfied ||x(#) — x,(#) | = on R, The
solution x {2} is called “asymptotical”, if it is stable and there exists constant

n = 0 such thatlx (£} — x, (£}l = 0 ast — cowheneverllx5(0) — x (0} ][4,

The solutionx (£} is called “instable” if it is not stable.

Definition 1.2  The solution x,(£} is called “uniformly stable: if for
everys = (I there exists () = 0 such that every solution, x(t) of (1.1) with
%00} — 24 (@)l = G(&) for some t = 0 exists and satisfied l[x{t) — x5(t) <€
onlty, o) It is called “uniformly asymptotically stable”if it ,is uniformly stable
and there exists n = (with the property, for every & = Othere existsT(z} = 0
such that llxCx ) —x (e Ml = n for somety = 0 impliesllx{t) — x (£)ll < & for
every t = ty + T(z).

It is obvious that uniform stability implies stability and that uniform asymptotic
stability implies asymptotic ability.

Definition 1.3  The solutionx (£} is called “strongly stable” if for everyz = 0
there exists &(s) =0 such that every solution x(#} of (1.1) with
() — 2, (2) = 6(2) for some £, = 0 exists and satisfies|lx (£} — x, ()]l < £
on fl,

Naturally, strong stability implies uniform stability. We should mention here
that the definition of stability can be replaced by any but fixed interval[ ;. 2=jof
the real line. We should also mention that x4(#) can be considered to the zero
solution. In fact, if x(£} = 0 is not a solution of (1.1), then the transformation
ult) = x (£} — y{£), where ¥(£) is a fixed solution of (1.1) into the system.

ul = Fltu+y(®) - F(£.¢8) ) = 6, ) (1.2)
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This system has the function (¢} = 0 as a solution. The stability properties of
this solution correspond to the stability properties of the solution.u(t).
2. LINEAR SYSTEMSI2],[1]

In this section we study the stability properties of the linear systems.

= Aldx. }
x' = Alt)x + d(t)

(21)
where A:R_, — M,. f: B — R" arecontinuous. It is clear that the solution x gt
of the differential function of (2.1)satisfiesone of definitions of stability of the
previous section if and only if the zero solution of (2.1) has the same property.
This follows from the fact that stability involves differences of solutions,
combined with the superposition principle. Consequently, we may talk about the
stability of the differential function of (2.1) instead of the stability of one of its
particular solutions. This will be done in the sequel even if f = 0,

Theorem 2.1 LetX(t) be a fundamental matrix of (2.1). Then (2.1)is stable
if and only if there exists a constant K = 0 with.

Ixl<K.ter, (2.2

The system (2.1) is asymptotically stable if and only if

XM — 0 ast — oo

The system (2.1) is uniformly stable if and only if there exists a constant £ = 0
with.

Ix@x Gl =k0<ss <t < 4w (2.3)

The system (2.1) is uniformly asymptotically stable if and only if there exist a
constant¥ = Osuch that.

IXOx Gl s ke = 055t < +m 24)
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The system (2.1) is strongly stable if and only if there exists a constant K>0 such
that:

Xl < £, 0x 0l sK.ter, (2.5)

Proof:We may assume that {X(0)) = 1 because the conditions in the hypothesis
hold for any fundamental matrix of (2.1) ,if they hold for a particular one.
Assume first that (2.2) holds, and let x(t) € R, , be a solution of (1.1) with
x(0) = x,, Then, since x{t) = X{ﬂxn_ if for a given =0 we choose
&(g) = K, we have.

(Ol = X B2l < 2 far lx,ll < &)

Thus, System (2.1) is stable conversely, suppose hat (2.1) is stable and
Fixz = 0,&(e) 0 with the property.

X () x,ll < &

For every xp € R™ with |lx |l = §(z) For a fixed t £ R, we get

Xithx,

[1/6(x(E)x, 1l = < ¢ /5(&) (2.6)

Since x;8(&) ranges over the interior of the unit ball, we obtain
sup
1@ = oy 1X@ull < 66) @7)
=1l

This completes the proof of the first case because (2.7) holds for arbitraryt € E.
Now assures that (2.7) holds. Then (2.2) holds for some K>0 and

lim x(t) = lim X¥(£) x, =0
===

Fl— ==
For any solution x(t) of (2.1)withx {0} = x,. Thus (2.1) is asymptotically stable.
Conversely, assume that (2.1) is asymptotically stable. Then there exists n =0

such that X (#)x, — 0 for every x,eR" with[[x ;] = n. Choose
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Xp =

0

Since X(t) xy = ny(t). wherey(t) is the first columnX(£), we obtain
that every entry  of first column of X(t} tends as t— ©=. similarly one
conclude that every entry of X(t) tends to zero as £t — 2. This completes the
proof of this case. In order to prove the third conclusion of the theorem, let (2.1)
hold and let t,e R, be given. Then x(t) = X(£)X~*{t,)x, is the solution of (2.1)
with x(ty) = x,. Thus,
)l < 1XEx 2 eg)llllxgll < K llx, |
for any x,eR™ with [[#ll == K~z proves the uniform stability of (1.1) with
&(z) = K™*zNow assume that (1.1) is uniformly stable. Fixe= 0,5(z) = 0
such thatllX (£) R=* (£ x|l < € for anyxg € R™ with llxpll = 6(2), any £, € R,
and any t = fg.from this point on, the proof follows as the sufficiency part of the
first case and is therefore omitted.
In the fourth case let (2.3) hold. Then (2.1) is uniformly stable by virtue of (2.3).
Now let &(0 < & < K),ty € R. be given, and let z(t) be the solution of (2.1)

with llx ()l = gl < 1.
t .

Ix ()l = ||x{t]R-1(—“j|| =Kex T —a(t—t)] ==
Tp

for everyt = t; + Tle).where T(g) = «~*1,(e/K). Consequently, System (2.1)
uniformly asymptotically stable. Fix (0 < z = u),T = T{z),n as in definition

(2.6). Thenllx |l = = implies.
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IX(E) X2t Mt Ml < 2.t 2 8, —T

Consequent working as in the firstcase, we find

Ixx e Mz u<lt=t +T

Where u ,= £/n. Now (2.3) implies the existence of a constant K = 0 such that
IXEVE el = Kot =ty

Thus, given & = &, there exists an integer m =0 such that
to+mT =t =ty + (m+ 1T it follows that

XX ey) = XX iy + mDIXE Xty + mTIX(EX
+(m—1)7)

XTI - — 17> o0 X7ty + TOX (g + TDX 2t
= XXty + mT)IIX Gy + mTIX ()l

o Ax G, £ mT) X
= Ku™
If we takesr = —T ~*I'ny, then
IXE X O £ w iK™t = p iRy e ter
< umtKemel-nd
For every t = t; + T. Thiscompletes theproof of the case of uniform asymptotic
stability.
Assume now that (2.5) holds and, givenz = Ochoosed(s) = K 2z

then we have

X X2 (el = IX () X720es) 1 x|
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=z Kllg,ll = =

Wheneverllx |l < K2z and#, t, € B, . Thus system (2.1) is strongly stable. To

show the converse, let (1.1) be strongly stable and fix £ = [0, 5{z)} = 0 such that

Ix( x-tax,ll < e.tty e R, (2.8)
Wheneverllzpll < &(€). In fact, this follows from (2.8) if we take
(e X ttax,ll < 2

Provided that llxpll = &{). In fact, this follows from (2.8) if we
takety = 0, & = O respectively. Thus, as above,

lxe)ll = z/6) lx~t el < /60

It follows that (2.5) holds for K = & /&({&).

Before we consider System (2.1)with a constant matrix A, we should note that in
the caseof an “autonomous” system (that is, F(t.x) = F(x)) stability is
equivalent to uniform stability and asymptotic stability is equivalent to uniform
asymptotic stability. This is consequence of the fact that in this case
y(t) = x(t + a)is a solution of (1.1) ifx(t)is a solution. This is true for any
number & € B_. Now consider the system

x' = Ax (2.9

With Ae M,, If » is an eigenvalue of A, then the dimension of the
“Eigenspace” of» (the subspace of C” generated by the eigenvectors of A
corresponding tox] is called “index” of =. The following theorem characterized

the fundamental matrices of (2.9).
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Theorem 2.2: LetX(t) =™ be the fundamental matrix of (2.9) with
X(0) — I Then every entry X(t) takes the formz**[p(t) cos 5 t — g(t) sinft]
or the form &¥p(t)sinft+ glt) cosf¢), wherer=a +Ei is some
eigenvalue of A and p,q are real polynomials in t. the degree d of the polynomial
p(t) +ig(t) satisfiesQ = d = m — r, where m is the multiplicity of» and 7 its
,index. Furthermore, ifm = r, there is at least one entry of X (£} such that & = 0.
Now we are ready to establish the stability properties of (2.9) in terms of the
Eigenvalue of the matrix A.

Theorem 2w.3: The system (2.9) is stable and if and only if every Eigenvalue of
A that has multiplicity m equal to its index r has nonpositive real part, and every
other Eigenvalue has negative real part. The system (2.9) is asymptotically
stable if and only if every Eigenvalue of A has negative real part. It is strongly
stable if and only if Eigenvalue of A is purely imaginary and multiplicity equal
to its index.

Proof. Let X(t) = =',# € B, Then (2.9) is stable if and only if IX(£) |l = K.
whereX = 0is a constant. Now let»= &« + Ei be an Eigenvalue of 4, then every
entry of ¥ (£} corresponding tos will be bounded if and only ifer < 0 form = #
and & = 0 form = . This completes the proof of our first assertion. The system
(2.9) is asymptotically stable if and only ifz™ — 0 as# — 2. This is of course
possible if and only if every Eigenvalue of Ahas negative real part. The system
is strongly stable if and only if there exists a constant K = @ such that
el < K. lle ™l < K for everyt € R, Since £ *solves the

systemX” = —AX, and» is an Eigenvalue of A if and only if— 3 is an
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Eigenvalue of — 4, these inequalities can hold if and only if every Eigenvalue of
A has zero real part and m = r.

3. THE MEASURE OF A MATRIX; FURTHER STABILITY
CRITERIA[1],[3]

Definition 3.1:Let A be an n xn matrix. Then (A} Denotes the “measure of

A” which is defined by

I +-hdll =1
ull) =i e

h—== h
Theorem 3.1:The measure w(4) exists as a finite number for every 4 € M,_

Proof.Letzbe given such that 0 == £ = 1, and consider the function

I+ hdll =1

gth) =Th}n

Then we have
IF+ zhdll = e + ehd) + 1 — 2l < llf + RAll + (1 - £)

or

I + =hAll -1 - 7+ kANl -1
Eh - h

glh) = = g(h)

Thus, gi{h} is an increasing function ofk. On the other hand

I+ hAll —1_III+FJ,HII—1_=:I+FJA—I
h B h = h

=g(h)

This impliesthe existence of the limit of the function g(k) as & — 07, it follows
that u{A) exists and is finite.
Theorem 3.2:Let A € M, be given. Then u(A) hasthe following properties:

(i) wled) = au(A) forany & € R,

(i) Nl < 1Al
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(iii.)u(4 + B) < u(4) + u(B)

(iv) luta) — u(B) =l - Bl

Proof. Case (i) is trivial and (ii)follows from the fact, that llg(h)ll < |lAlifor all

h = [, whereg is as in the proof of Theorem (3.2). Inequality (iii) follows from

W+ h(A+BII=1 (/27 +RAlI— (1/2) I(1/2 + hBI — (1/2)
h = h + h

_ I+ 2hAll — 1 W+ 2RE | =
- 2h * 2h

Inequality (iv) follows easily from (ii) and (iii).

The following theorem establishesthe relationship between the solution of (2.1)
and the measure of the matrix A(t).

Theorem 3.3: Let A: R, — M_ becontinuous. Then for every tp. ¢ € K, with

t = &y we have
r r

lx(e) lexp[ — [ a(—Al))ds] < Ix® 1 < lx(e)l exp J ulA6) )ds]
ty Iy

Where x(t})is any solution of (2.1).

Before we provide a proof of Theorem 3.3, we establish the auxiliary lemma
Lemma 3.1: Let r:(t,b) =R, D:[t,b) =R(D=<t, <b <+m) be
continuous and such that

r:(t) <or), telt, b

Where #: denotes the rightderivative of the function »(t) = u(t),t e [t,.b),
whereu(t) is the solution of

w' = g(Edu ulty) = rig) (3.1)
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Proof:Letf, £ (t;.b) be an arbitrary point. We will show that #{#} = u{tJon
the interval [t;. t;].Consider first the solution w, (£}, t € [tg.t;] of the problem
' = 0+ Y, ule,) = rlg)n =1,2,... (3.2)

respectively, Fix m and assume the existence of a pointt, £ (#;.#,] such
that £(t;} = u, (t;). then there existst; € (tg. £;) such that r(zy) = uy(t,)
andr(t) = ug(ty) on (5, £5]. From (3.2), we obtain that

niles) = 8lezdu, &) + 1/

= 0(ta)r () + n

= rilty) + U

= rtlt,)

Consequently, iy (t) = r(t) is small right n eighborhood of the point t5. This is
a contradiction to r(t} = u,(t) onlts.t,]. Thusr(t) < w,(t) for any
te(t,t,Jandanyn =1,2, . . . Now we use Gronwall’s inequality to show

that (3.2), actually implies
r

4 ®) — @] £ 2821 Yo~ Y lexp 106 lash e € [t 2]
ty

For m.m = 1. thus, the sequences {up{t]},n =1.2,.. is Cauchy. It follows that
Up(t) = ult) as n — @ uniformly on [t t;] where wultlis the solution
problem (3.1)on the interval [, B). Since ¢, is arbitrary, it follows that
(&) < ult),t e [g, b).

It should be noted that a corresponding inequality holds if #*{} is the left
derivative of £(t) on [£;. Bb).

Proof of Theorem 3.3: »{t) = ||x{£)/l. We are planning to show that
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r(®) 2 wlAE D

To this end, we first notice that for any two vectors xy, x; € R* that limit

Iz, + hxpll — [l I

lim
=07 h

exists as a finite number. To show this, it suffices to show that the function

lxy + Rxgll — [l
h

0y {h:]

is increasing and bounded by llx;l on {0, %2}, We omit the proof, which is very
similar to the corresponding one for the functiong( k) in the proof of Theorem

3.1. It follows that the limit.

lim Ix(8) + hx' (I = ()

R0 h

(3.3)

exists as a finite number. We will show that this number equals+**{t). In fact,

let h = 0 be given. Then we have

[lx(e + B — lxge)ll  lx () + " ()0 = Hx (DI |
I n B h |

_ [lxte + Il = lix(e) + R (@)
o -

lxi(t + k) — x(t) — hx2 ()
= - =+ 0ash—=0%

which proves (3.3) and consequently

Ix(t) + RAE)x (I — Hx() Il

+1 — 1z
i) = hl-l:rp- N
4+ RARIN -1
e 1
R0 h
= u{ A (5]

Applying Lemma 4.11, we obtain
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[
()l = #(&) < Nx(tx)ll exp U u (A=) }ds] (3.5)
fg

foreveryt = #,. In order to find corresponding lower bound ofllx(t3ll, let
u = —tuy = —tothenylu) = x(—uw), u € (—om, ugl, satisfies the system.
j_.'l = —A I:—uj] ¥

Thus, as in (3.5), we get

[ ue-at-9as

lly el = () llexp

= llvlup lexpf{— J‘ D,u (—AGr)s)drhag, = u
-u
or

Uz
lxCeo) < eyl exp [- [ {_,qqujs]],u,, -

—u
= llylx + Rl —x(&) —hx'(t) = 0ash—0*

This completes the proof,

We are now ready for the main theorem of this section
Theorem 3.4:Consider system (2.1) withA:R, — M continuous

If

r
lim InFJ‘ ul—4s))ds = — o
== o
then (1.3) is unstable if

t

lim supJ‘ u {—A{s:] }ds = 4 o2
[ o
then (1.3) is stable if

fim f w(AG)ds = — oo
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then (1.3) is asymptotically stable if

plAl))ds = =

then (1.3) is uniformly stable if for some + = 0,
p{ﬂ{ﬂ} Z=—-rnt=l

then (1.3) is uniformly asymptotically stable.

Table 4.13

[F3] uiA)

21Ty

Largest Eigenvalueof l,fz (A+47)

llxll Max  {a, + ZE Ay}
jei
lxll 5 Max {a; + E[ Toay)
jei
4. PERTURBED LINEAR SYSTEMS[4],[7],[1]

In this section we study the stability of systems of form

x' = (Alt)x + Flz. x) (4.1)

where  A:R, — M, . F:R"™ = R™ are continuous functions  with
F(t,0) = 0,t € R, We start with a theorem concerning the asymptotic stability
of(5z) the differential function of (1.1). The proof of this theorem is based on
Lemma (3.1).

Lemma 4.1: Let X(t) be a fundamental matrix of the system (2.1). Assume

further that there exists a constant K = 0 such that
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r
J‘ IX(E X (s)lds = K.t =0 (4.2)
0

Then there exists a constant M = 0 such that
x|l < Mel-F-Dt ¢ > g

Proof.Let uft} = X (£)I=*. Then we have
t t
j uls) ds)X(E) = [ w($)ds)XE X EX(s)
0 0
from which we obtain

t r
[ @w@anizel < [ 1x©x-1x@ Iy@as < ke <0
i i

u(®) ::sr-i[ u(s)ds) (4.3)

Now let A(t]) denote the integral on the right hand side of (4.3). Then
we have
N 2Kt a (B t=0 (4.4)
Dividing (4.4) by .¢ () and integrating from £, ta = t,, we obtain
() = on (g )e® )t = 1y
Consequently,
I = u(E)] ™t = K[~ (£)] 7L = [K/> (tple™ (t=1e)
for every £ = £;. We choose M so large that both
Mz K/ (t)]e%
and

=1t

Xl = Me® " 0=t <t

This completes the proof
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Theorem 4.2:  Let X(t) be a fundamental matrix of { 2.1} such that
t

j X0 x-ts)llds = K. £ =0
0

Moreover, let

IFGE, )l <ullxll £z 0

with u stratifying 0 = u < K =%, Then the zero solution of {5 is asymptotically
stable.

Proof: Let X(x)be the fundamental matrix of (5) withX{0) = Lthen since
X(x)X~*(s) =¥ ()Y ~*(s) forany otherfundamental matrix¥(t)of(5). Lemma
4.1 holds for this particularX(t) — @ as £ — oo, If x(t1is a local solution of the
differential function of (2.1) defined to right of = 0, then = (t)satisfies the
system

uf = Au + F(e,x(®))

Using the variation of constants formula for the system we obtain

(0 = X0)x(0) + [ X©O % ©F (s X() )ds 5)

Letting L = Obe such that [[X(£) |l = L for t = 0.we obtain

llx(el < Lllx (0Nl + uK max x(s)
D2+ £t

which implies

max llx(l = (1 — uK)™"Lx(0)

It follows that

=)l = @ —uk)™*
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as long asx(t) defined. This implies that x() is continuable to 4+ £ and the
zero solution is stable. Now we show that = ()} — 0 ast — ©2. To this end, let

£ = EL:E sup ||x(e} |

and pick d such that uK == d = 1. Ifc = 0, the, since d ¢ = c, there existst = 0
such that

Ix(t)ll = d~2¢

for every t = t;, Thus, (4.5) implies

i
el = X0 x(0) + X0 f X (F (5,205 )ds
]

ds

x(®)2(0) + X [ 21 (s F(s.2())ds + X0 j X‘l'f,s]F[s,x{s]}‘

L
o

t
< XG0 + X6 f X ()F (s, x() |ds
]
E
+ [ @ X [F(s, x)as
(1]

t
< IO + 1XE | [ 2= &) F (s () )lds + uka-*c
(1]

Taking the lim sup above as t— o2, we obtain ¢ = uKd~te; that is, a
contradiction. Thus, ¢ = . This completes the proof.

The following theorem has a corollary concerning the uniform stability of
system solution of the differential function of (2.1).

Theorem4.3 X x &l <Kt =zs5=0

where K is positive constant. Moreover, let

F(t, x) = () I«

where>:R_, — f_ is continuous and such that
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j wJ@)dE < oo

D

Then if

M=K exp {H[ »/(t)dt
o

every local solutionx (£} ofsolution of the differential function of (2.1), defined
to the right ,of the point £; = 0, is continuable t; + o= and stratifies
lx (e < Ml (e)

for every t = &,

Proof:From the variable of constants formula (4.5), with £ replacing 0, we have
lx(e)ll < Kllxge)ll + K [ /@ dt
]

for t = t;. Applying Crownwall’s inequality, we obtain

||x{tj||£Kx(||x{tD]||exp-{K f ﬁ]gﬂfllx{tnjll,fnrrztn (4.6)
fo

Corollary 4.4:  If the system (1.1) is uniformly stable, and if F is as in
Theorem 2.2, then the zero solution of the differential function of (1.1)is
uniformly stable. In particular, the uniform, stability of (2.1)implies the uniform
stability of the system.
xt =4l + B(t)]x

whereB: B, — M, iscontinuous and such that

[ IB®ds < +o

o
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The uniform asymptotic stability of the system the differential function for (1.1)
follows theorem 4.5.

Theorem 4.5:  Let X{t) be a fundamental matrix of (2.1) such that

IXE X2 < Ke # =Tt =520

whereK, u are positive constants. Let

IEE ) =x lixll

with ., a positive constant, satisfying »= X~*u. Then if ¢ = u —» K, every
solution =(x) ofthe differential function for (1.1), defined in a right
neighborhood ofty exist for £ & &£ and satisfies

Ix (o)l = Ke=slrlix (sl

for every £, 5 witht = 5 = £,

Proof:From the variation of constants formula.
%) = XOXe) + | O K S)F(s.x())as
i}

in a right neighborhood of the pointf, = [, we obtain
IOl < ke~ [ x(t)ll +x K [ et [Ix ()llds ¢ 2 £,
ty

Consequently, if z(¢} = g~#(t=%] [lx(#)]l, we obtain

t

z(8) = Kz{t,) » K | z(sdds,t = &,
fo

An application of Corwnwall’s inequalityyields

=z(8) = Kz{t,_,:]g‘”“':r‘ to)

for t = tg, and

il

Ix (O < Kllx(ey) lle— sttt
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Obviously, x(t)is continuable , + 2 (see Theorem 3.8)

Corollary 4.6: If (2.1) is uniformly asymptotically stable and if the
constant> of Theorem 4.5 is sufficiently small, then the zero solution of the
differential function of (1.1) is uniformly asymptotically stable the differential
function of (1.3). In particular, the uniform asymptotic stability of the system
(2.1) implies the same property for the system (4.6) whereE: R, — M, is
continuous and such that B{f) — 0 as £ — o2,

T Eziokwu, C. Emmanuel, Ph.D. Michael Okpara University of Agriculture,
Umudike, Abia State, Nigeria.
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