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Abstract

Van Aubel's theorem has some interesting generalizations. Some were
dealt with by Krishna (2018a and 2018b). In this article, we intend, encouraged
by the works cited, to prove a new generalization of Van Aubel's theorem,
which consists of the construction of a parallelogram from an octagon
surrounded by regular n-sided polygons.

The present article will demonstrate the following result about
octagons, driven by the results of Krishna (2018a) and Krishna (2018Db):
Theorem: Take a random octagon 0: A, A ...Ag, either convex or concave.
Having fixed an integer n = 3, consider the eight regular polygons of n sides
constructed externally on the sides of 0. Denote the sixteen sides of the eight
polygons that have the common vertex A; with the octagon, j = 1,....8, by
A Bg-.AB,,.A-B~, A By, . ,AgB-» and AgBg,, as illustrated in figure 1.
Denote the midpoints of these sides by €,,.€,5.Cs;,Crn...., Cgy and Cys,
respectively. The figure shows only three of the regular polygons so that the
image is not overloaded.

Figure 1 - Regular polygons of n sides on sides of a random octagon

Also consider
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D, 5 J=1....8 mod 8

the midpoints of segments Cj, ;- and
_Di+D,

/. 2

the midpoints of D; I; . , .

Under these conditions, the midpoints of E;E; 4, j = 1.....8 mod 8, denoted by
I,]. K and L, respectively, form a parallelogram, as shown in figure 2.

Figure 2 - The parallelogram IJKL

Proof: Let us demonstrate it by denoting the points I, J, K and L as a function of

the coordinates of the vertices of the octagon. Considering A4; = {xj, },rj) each
vertex of the octagon in the Cartesian Plane, j = 1,....8, denote the complex
number corresponding to each A; by a; = x; + iy;, where i* = —1. Similarly,
denote the complex numbers corresponding to the points B;. C;.D; and E; by
by, ¢y d; aI}:d:::""- respectively. Take M; as the midpoint of the segment 4; 4;,,, so
J+a i+

that m; = is the complex number corresponding to M;.

T}
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Considering 4 = By, A, A, the internal angle of each of the eight regular
polygons, then, through the hypotheses, we can conclude that ¢,,» — @, is equal
to the complex number resulting from the rotation of m, — @, by A degrees
counterclockwise. Namely,

£1n —a; = (m, — ﬂj_]'[cnsgf+ i sin:f].
From now on let us denote cisl:_af ] = cosd + isin 4. Then,

c1n =a; + (my — EL]'cisl;f].
The complex number ¢,, — a, is equal to the complex number resulting from
the rotation of my — @, by 4 degrees clockwise, or 360° — .4 counterclockwise,
that 1s,

cy —a, = (mg — a,)eis(360° — 4) =

¢y —ay = (mg — ﬂl}[CUS(3GDu — f&) + i sin {36D° = ﬂ)] =

(mg — a,)cos & — i sin (4)] =

(mg — a,)[cos(—A) + isin(-4)] =

(mg — a,)cis(—A)

=

c1p =ay + tmy — aj_)cis(—ﬁ).

Therefore, we can find

+c. 1 . .
d, = % = E[ﬂl + (mg — nLJcis(—A) +a, + (m, — nL)cis(A)} =
1 a. 3 -
2 [nl + (ﬂg :ﬂl —nl)cis(—A) +a, + (GL : = nl)cis(A]] =
1 - . 2 — .
3 [2:11 + 2 2 i cis(—A) + = > o cis(A)].
Similarly, we can find
Cay + €22
dy=——F—— =
1- g -a a; —a
2 2a, + - cis(—ﬁ)-ﬂ- d > - cis(fl)].
Then,
dy +d, 1
e == =X
[2111_ + i cis( ﬁ) + = > i ns(i) + 2a., + S cis(—,i
Oz — @y ..
+ 5 cns(ﬂ)]
1 Qg — O .

1
E o [E[HL + E::} +

Similarly, we obtain

2

gs = % * [2[ﬂ5 +ag )+ o > i cis[—ﬁ;] + o > i ms(ﬁ]]
Thus,
I= g, + &g _ 1 5

2 8
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g +0;— 0. — 0@ .
20a, + 0, +as +ag) + : 42 - E’::is(—ﬂ)
Gy +0; —a; —a .
. ?2 - 5::is(ﬂ;)].
Similarly, we can obtain:
. +e; 1
I: = — %

2 g
a; + ag

— 3 — gy

cis(—ﬁ)

ﬂ4+ ﬂB _a—:

2

2

a. + ag

2
% cis(ﬁ)],

_ﬂ4

[2(:13 +a, +a,+ag)+

as +a, — a4z

> - cis(—ﬁ)

T cis(ﬁ)]

2
and
es+e 1
=72 T8~ .
a Q- — g — O -
[2(:14 ta+ap + ap) F——1 5 2 eis(—4)
0;+ 0, —o; —a .
= - 5 : Bcis(A)].

Anyway, let us calculate |] — K] = = x

a
|2{ﬂ: +ﬂ5_ﬂ4_ﬂgj+ 2

—@—a;+o6;+ay —

cis{—ﬁ)

2
- + vi + -
R cis(A)|.

T 2
Remembering that
1
I=—-x
8 +
a Gy — 0, — 0O .
[2(:11_ +a,+as + aEJ + z 2 - ° cis(—A)
g +a-—a, —a .
< - 2 2 cis(A)]
2
and
L 1
==X
. 8
e} 0. — fg — 00 .
[2(&,1, +a: +ag+a )+ u d 5 2 - cisl:—ﬂ]
0. + s — iy — N
B > 2 Ecis[ﬂ]],

we have:

1
I-Ll==-x
I I 8
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—ﬂ:—ﬂg+ﬂ4+ﬂ5—ﬂ-5—ﬂ_—.+ﬂg

Ll -
2{5: + ﬂ'E- - ﬂ':l- - ﬂ-B] + S Eis{—ﬁ}

2
—0; — 0.+ 8+ 8y — 8 — 8 + 8- + .
i 2 2 42 5 B 2 cis{ ﬁ]l
=] - Kl.
In an analogous way, it is possible to prove thatlX — LI =] -1l
which concludes the demonstration.
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